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Abstract — Résumé — Aimo ι '¡mmi — Resumen 
CRITICAL ANALYSIS OF THE PROGRESSIVE SUBSTITUTION METHOD FOR MATERIAL BUCKLING 
MEASUREMENTS. A critical analysis of the methods of interpretation for progressive substitution measurements 
is in progress at the Centre of lspra (EURATOM). These studies are intended for the interpretation of material 
buckling measurements to be performed in the ECO (Orgel Critical Experience) reactor starting in 1964. 
The report deals with the method of interpretation for progressive­substitution measurements by a two­
group theory applied to a reflected reactor, the regions of which are supposed to be cylindrical and homogenized. 
Some of the points analysed are: 
(1) Limits of validity of the method with increasing differences between the neutronic properties of the 
test and reference lattices. 
(2) Effect of the cylindrical homogenization as a function of the number of substituted rods. 
(3) Effect of the approximations in the reflector calculation. 
ANALYSE CRITIQUE DE LA MÉTHODE DE SUBSTITUTION PROGRESSIVE UTILISÉE POUR MESURER LE 
LAPLACIEN MATIÈRE. Le Centre d'lspra (EURATOM) procède actuellement à une analyse critique des mé­
thodes d'interprétation des mesures faites par substitution progressive. Ces études ont pour objet d'interpréter 
les mesures du laplacien matière, qui seront effectuées dans le réacteur ECO (Expérience Critique Orgel) à 
partir de 1964. 
Le mémoire a trait à la méthode d'interprétation des mesures obtenues par substitution progressive; on 
applique une théorie à deux groupes à un réacteur avec réflecteur, dont les régions sont supposées être cylin­
driques et homogénéisées. Parmi les points étudiés figurent: 
1. Limites de validité de la méthode lorsque augmentent les écarts entre les propriétés neutroniques 
du réseau étudié et du réseau de référence. 
2. Effets de l'homogénéisation cylindrique en fonction du nombre de barres substituées. 
3. Effets des approximations sur les calculs concernant le réflecteur. 
KPHTHHECKHH AHAJIH3 METOÆA ΠΟΟΤΕΠΕΗΗΟΓΟ 3AMEÜTEHHH, ΠΡΗΜΕΗΗΕΜΟΓΟ 
ÆJIfl H3MEPEHHH MATEPHAJIbHOrO JIAIiJIACHAHA. Β Hayimo­nccfleaoBaTe.ribCKOM ueHTpe 
Β Hcnpe (EßpaTOM) ocymecTB^neTCH KpHTHMecKHH anann3 ΜΘΤΟΛΟΒ HHTepnpeTauHH peay/ibTaTOB 
Η3ΜθρθΗΗΗ, npOBOAHMbtX ΜΘΤΟΛΟΜ ΠΟΟΤΘΠΘΗΗΟΓΟ 3aMeUteHHH. 3τΗ HCCrieÆOBaHHH HanpaB/ieHM 
Ha noJiyneHHe HHTepnpeTauHH pe3y/ibTaTOB H3MepeHHH MaTepna/ibHoro ;iaiuiacnana, KOTopne JIOJIÄ­
Hbi 6biTb Βΐιηο/ΐΗθΗΜ, HaMHHaa c 1964 r o a a , Ha peaxTope ECO (OprejibCKHH KpHTHHecKHH oniiTHbtft 
peaKTop). 
ÆaeTCH onncaHHe MeTOÆa HHTepnpeTauHH pe3yjibTaTOB Η3ΜΘΡΘΗΗΗ ΜΘΤΟΛΟΜ nocTenenHoro 
3aMetueHHH Ha ocHOBaHHH ÆByxrpynnoBOH TeopHH, πρΗΜβΗΗθΜΟΗ κ peaKTopy c OTpa*aTe/ieM, 30Hbi 
KOToporo, KaK npejmo­tiaraeTca, HB;IHK)TCH un/iHHÆpHHecKHMH H roMoreHH3HpoBaHHbiMH. ΗΘΚΟΤΟ­
pbie H3 aH/iH3HpyeMbix nyHKTOB: 
ripe^e/Ibl πρΗΓΟ,Ο,ΗΟΟΤΗ MeTOaa C BO3pamai0mHMH pa3.TlHMH3MH MeXJty HeíiTpOHHblMH CBOHCTBa­
MH HcnbiTaTe^bHOH Η STa^oHHOH pemeTOK. 
3HaMeHHe UHJiHHÆpHHecKOH roMoreHH3auHH KaK cbyHKUHH pniia aaMernaeMMX CTepjKHeñ. 
3HaieHne ΠΡΗΟΛΗΛΪΘΗΗΗ Β pacMeTe OTpa^caTen«. 
ANALISIS CRÍTICO DEL MÉTODO DE SUSTITUCIÓN PROGRESIVA PARA MEDICIONES EN LAPLACIANOS 
MATERIALES. En el Centro de Ispra (EURATOM) se está realizando un análisis crftico de los métodos de 
interpretación de las mediciones por sustitución progresiva. Su finalidad es evaluar los resultados de la medi-
ción de los laplacianos materiales del reactor ECO (Experimento Crftico Orgel), que debe comenzar en 1964. 
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La memoria trata de un método de interpretación basado en una teoría de dos grupos aplicada a un 
reactor con reflector cuyas zonas se suponen cilíndricas y homogéneas. Entre otros puntos, analiza los siguientes: 
1. Los límites de validez del método cuando aumentan las diferencias entre las propiedades neutrónicas 
del reticulado que se ensaya y el de referencia. 
2. El efecto de la homogeneízación cilindrica en función del número de barras sustituidas. 
3. El efecto de las aproximaciones en el cálculo del reflector. 
1. INTRODUCTION 
A complete series of buckling measurements will be performed in 1964 
on ECO (Expérience Critique Orgel), a natural uranium-fuelled, heavy-
water-moderated critical assembly now in construction at the EURATOM 
Joint Nuclear Research Centre at lspra [1]. First the neutronic character-
istics of the pile loaded with the "reference" fuel elements (clusters of 19 
rods of uranium metal contained in a double tube filled with organic liquid) 
will be determined by flux mapping. Then the buckling of variously fuelled 
lattices will be measured by the progressive substitution technique. 
The aim of this report is to i l lustrate the method established at 
EURATOM, to interpret the substitution experiments and to discuss the ap-
proximations involved in view of defining the range of applicability of the 
method itself. 
2. OUTLINE OF THE METHOD IN USE AT EURATOM 
The substitution approach to determine the buckling of a lattice has been 
used for several years in various laboratories [2, 3,4], Methods have been 
established to interpret the experimental results; particular attention has 
been reserved to the "progressive" substitution measurements on heavy-
water-moderated critical assemblies performed by French and Swedish 
national centres . 
It is foreseen that the same technique will be used in the ECO experi-
mental programme. Therefore a method of interpretation, developed on the 
basis of the French work [5], has been established and programmed for 
IBM-7090 (BERTHE code) at the EURATOM Joint Nuclear Research Centre 
at lspra. 
A two-group, two-homogenized-core region diffusion model has been 
assumed. Practically no approximation in the analytical development of the 
theory is made. The effectiveness of the radial graphite reflector and of 
the aluminium tank between the core and the reflector are directly incorpo-
rated in the programme instead of using a reflector coefficient as in the 
French method [5]. 
A series of check calculations with a normal two-group diffusion code 
(WANDA and RIFIFI codes [6, 7]) have been found to be satisfactory. In the 
appendix the main lines of the developed method are indicated. 
In particular the formalism which takes into account the aluminium tank 
has been found to be necessary. To study this point two BERTHE calcula-
tions have been performed for a typical series of ECO substitution experi-
ments. The buckling of the reference lattice was 4. 346 m"2 . The difference 
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ECO substitutions 
between the test and reference lattice was -0 . 905 m"2 . The series of substi­
tutions is given in Fig. 1. The corresponding heavy-water level variations 
(ΔΗί) as calculated by RIFIFI are listed in Table I. 
In the first BERTHE calculation a value of qt (see appendix) of 0. 012 
(corresponding to an aluminium thickness of 1 cm) was assumed. In the 
second one the tank effect was not included (qt = 0). A difference of 0.20m"2 
in ΔΒ2 was found: this shows the importance of being able to evaluate the 
influence of the thin aluminium layer between core and reflector for such 
type of calculations. 
INPUT DATA INFLUENCE 
Table II shows the influences on the buckling difference between test 
and reference region (ΔΒ2) caused by small variations in the input nuclear 
data of the test region and in the measured heavy-wat er levels during the replace­
ments (ΔΗ, ). The influence of the diffusion coefficients seems to be fairly im­
portant. However the uncertainty of these parameters for the test lattice as com­
pared with that for the reference regionis certainly less than 5%. Therefore an 
error inferior to 0. 02 nr^ can be expected for this effect. 
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TABLE I 
HEAVY­WATER LEVEL VARIATIONS FOR 
SUBSTITUTION EXPERIMENTS 
No. of 
substituted rods 
5 
9 
13 
21 
25 
Radius of 
substituted zone 
(cm) 
26.49 
35.54 
42.72 
54.29 
59.24 
AHj 
(cm) 
2.25 
4.11 
5.93 
9.49 
11.21 
TABLE II 
INFLUENCE OF INPUT DATA ON BUCKLING DIFFERENCE 
BETWEEN TEST AND REFERENCE REGION 
Parameter 
symbol* 
Dlr 
D l t 
L î 
T i 
V 
H. 
1 
Numerical 
value 
1.257 
0.819 
85.88 
106.36 
0.8717 
-
Parameter 
variation 
■ ­ + 5% 
+ 5% 
+ 5% 
+ 5% 
+ 2<7o 
+ 0 . 1 c m 
Varia t ion 
ο π Δ Β 2 
(m"2) 
­0.0234 
­0.0263 
­0.0002 
­0.0001 
0.0 
+ 0.0150 
Diffusion coefficient 
Diffusion area 
Slowing­down area 
Resonance escape probability. 
Subscript 1: Test region. 
Subscript r: "Fast group". 
Subscript t: "Thermal group". 
A s f a r a s t h e e r r o r in l e v e l i s c o n c e r n e d , t h e a c c u r a c y in t he E C O l e v e l 
m e a s u r e m e n t b e i n g 0. 2 m m , t h e i n f l u e n c e on Δ Β 2 c o u l d b e r e d u c e d t o l e s s 
t h a n 0. 005 m" 2 . 
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4. APPROXIMATIONS INVOLVED IN THE METHOD 
As we sa id , the s c h e m e used to d e t e r m i n e from e x p e r i m e n t a l va lues 
of the c r i t i ca l level the buckling of the test lat t ice involves a cer ta in number 
of approximat ions . In the following chapters we will t ry to evaluate the e r r o r s 
which can be expected in the ECO opera t ion c a s e s men t ioned in the 
in t roduc t ion . 
The main effects to be t r e a t e d a r e : (a) the c y l i n d r i c a l ­ s h a p e a p p r o x i ­
mat ion in the t e s t reg ion and (b) the he te rogene i ty effects . 
(a) C y l i n d r i c a l ­ s h a p e approx imat ion in the t e s t region 
In BERTHE the tes t region is considered to be cyl indr ica l . The radius 
of the region is calculated as : 
, 1/2 
Ri =d(N¡/7T) , 
where: 
N¡ = number of substi tuted rods and 
d = pitch of the l a t t i ce . 
The choice of t h i s r a d i u s i s somewhat a r b i t r a r y b e c a u s e in the boundary 
region between the two zones it i s not poss ib le to define an equivalent cel l 
for each rod . To examine the cause of th is uncer ta in ty we have compared 
the n o r m a l BERTHE r e s u l t s with those obtained by i n c r e a s i n g the r ad i i of 
the different subst i tuted regions by a fixed amount . Table III g ives the r e ­
sul ts for ARi = +2 cm. 
TABLE III 
COMPARISON OF THE NORMAL BERTHE RESULTS 
WITH THOSE OBTAINED BY INCREASING RADII 
No. of 
substituted rods 
5 
9 
13 
21 
25 
ΔΒ2 
(m"2) 
­0 .507 
­0 .905 
­1 .284 
­1.528 
­1 .702 
δ(ΔΒ2) 
(m"2) 
­0.0022 
­0.0054 
­0.0120 
­0 .003 
­0 .005 
The ca lcu la t ions have been p e r f o r m e d for the ECO pi le g e o m e t r y ; a 
pi tch of 22. 6 cm and five subs t i tu t ions (5, 9, 13, 21 , 25 e l e m e n t s r ep l aced ) 
have been considered. As can be seen, the effect r emains in all cases r e l a ­
tively smal l . 
The inf luence of the fo rm of the boundary l ine h a s a l s o been s tudied 
by compar ing for the ECO subst i tu ted conf igurat ions the r e s u l t s of a one ­
d imens iona l and a two­d imens iona l ca lcu la t ion . 
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In the first calculation (WANDA programme) the pile has been schema­
tized as in BERTHE: three cylindrical regions (test region, reference region 
and radial reflector) have been considered. The radius of the test region 
varied according to the number of fuel elements substituted. 
For each pile configuration a critical extrapolated height was obtained; 
this value (together with the nuclear data used in WANDA) was introduced 
as input data into a two-dimensional calculation (EQUIPOISE programme [8]). 
In this second case the boundary limit between the two-core regions was 
determined according to the cell hypothesis as indicated, for the different 
substitutions, in Fig. 1. 
The EQUIPOISE results (based on the critical heights obtained by 
WANDA) are shown in Table IV; they are expressed as keff variations (in 
TABLE IV 
EQUIPOISE RESULTS 
Pitch 
(cm) 
18.8 
22.3 
26.6 
ΔΒ2 
(m"2) 
-2.36 
-1.48 
-0.97 
6k/k 
(pcm) 
5 
+ 1.0 
+ 0.0 
+ 0.0 
9 
+ 1.0 
+ 1.0 
+ 1.0 
13 
+ 0.0 
- 2.0 
- 5.0 
21 
+ 0.0 
+ 1.0 
+ 0.0 
25 
-0 .1 
-3.0 
-6 .0 
pcm = 10"5) from the critical conditions. These figures give a direct indi­
cation of the er ror involved in the cylindrical-shape approximation for the 
boundary line. Taking into account that in ECO 1 pcm of reactivity cor res ­
ponds to about 0. 2 mm variation in the critical level and comparing with the 
data of Table II (1mm in ΔΗ; means a variation of 0. 0156 in ΔΒ2), it can 
be concluded that this effect is relatively small, even though it is slightly 
more pronounced in the configurations with 13 and 25 rods which are farthest 
away from lhe circular shape. 
A general conclusion can be derived from these results: apart from the 
heterogeneity effects of the lattices (which will be studied in the following 
sections), the form (and thus the number of rods) of the region does not 
seem to play an important part in the substitution technique. 
In this perspective the WANDA-EQUIPOISE comparison has been ex­
tended to the case of 17 replaced rods (Fig. 2) where the central zone con­
figuration is less symmetrical . The resul ts a re given in Table V. 
The error introduced by the cylindrical-shape approximation remains 
fairly small. This means that such a substitution could be introduced in the 
replacement operations to increase the number of experimental data or to 
eliminate, if the heterogeneity effects are not too important, the 25-rod 
replacement. 
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TABLE V 
EXTENSION OF THE WANDA­EQUIPOISE COMPARISON 
Pitch, 
(cm) 
18.8 
21.0 
ΔΒ 2 
(m"2) 
­2 .36 
­0.905 
ok/k 
(pcm) 
+ 10.0 
­ 7.0 
(b) Heterogeneity effects 
As previously said, in the BERTHE method the test and reference r e ­
gions are homogenized; this means that the heterogeneity effects of the lat­
tices are supposed to be independent from the dimensions of the regions. 
However, for under­moderated lattices this hypothesis is not justified. 
This fact prompted us to study the limits of validity of such an assumption 
in the ECO substitution measurements. 
The analysis is not concerned with fuel elements containing void where 
the anisotropy of the neutron streaming is important. The main effects to be 
considered then are: (i) resonance absorption and (ii) thermal absorption. 
Indeed for the pitches which will be considered in the ECO reactor 
(> 18. 0 cm) only a quite small fraction of U238 fissions in a fuel element are 
produced by neutrons coming from other rods. Thus the heterogeneity fast 
effects can be neglected. 
The resonance absorption effect can be illustrated in the following 
manner: let us consider an infinite heterogeneous lattice. The resonance 
absorption in a rod can be considered as the sum of the absorption of neu­
trons born in the rod itself plus the absorption of neutrons born in the sur­
rounding rods. All these absorptions do not depend on the intensity of the 
fission source because the lattice is infinitely extended. However if we have 
two connected latt ices, as in the case of substitution experiments, some 
rods of one lattice are surrounded also by rods of the other lattice. If the 
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uranium section per channel is quite different for the two lattices the fast 
source will also be different and the absorption for the boundary rods will 
be different from that of an infinite lattice. 
Analytically, if ρ,, indicates the resonance escape probability for rod 0 
in an infinite moderator sea and p0 the same in the lattice, the resonance 
absorption can be written 
l ^ P f i V S j , -r/4TR ΣΙ' 
j = o 
where: 
TR = slowing-down area to the resonance energy 
rj = distance from rod 0 to the rod j of the lattice 
Sj = intensity of the fast source of rod j . 
For the sake of simplicity in formula (1) a line source has been assumed 
to calculate, on the basis of the Fermi-age model, the slowing-down distri­
bution of the neutrons. Furthermore the resonance absorption has been as ­
sumed to occur only at a certain energy level (single-energy approximation). 
In the case of an infinite lattice Eq. (1) becomes 
"ri / 4 T R 
a= > e ] R . ( 2 ) Σ 
j = 0 
The correction introduced by the presence of the other type of rods can be 
written in the following form: 
- , ' r j / 4 T R 
A , 1 Σ ( S / S ) e 
A&= A( l -pp) _ j=o j ' o 3 
a - l -p o ge-r j/4TR · 
j = 0 
In practice the calculation has been done as follows: let us consider the 
pile configuration of Fig. 3(a). For each rod of the test and reference lattice 
Aa/a according to Eq.(3) has been evaluated. Then the core has been divided 
into five regions as indicated in Fig. 3(b). The resonance absorption of each 
of these regions has been calculated by correcting the p-values (for the infi­
nite lattice) according to the Aa/a already determined. On the basis of these 
data a WANDA calculation has been performed; the crit ical height so ob­
tained has been compared to the value corresponding to the normal two-
region-core model used in BERTHE. 
The results for an ECO case are shown in Table VI. The data are the 
following: 
Pitch: 18. 8 cm 
TR : 55. 0 cm2 
Fission-source ratio between test and reference lattices: 0. 67 
B2ef : 4.076 m"2 
ΔΒ2 :-1.394 nr2 
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Fig . 3 
9­rod Substitution 
TABLE VI 
RESULTS FOR AN ECO CASE 
No. of substitutions 
5 
9 
13 
21 
25 
ΔΗ 
(cm) 
2.02 
4.66 
6.06 
10.35 
13.33 
ΔΗ* 
(cm) 
2.13 
4.67 
6.10 
10.53 
13.41 
Δ Η ­ Δ Η ' 
­0.11 
­0.01 
­0.04 
­0.18 
­0.08 
ΔΗ are the variations of the critical level according to the different substi­
tutions, as calculated by WANDA for the two­region­core configuration. ΔΗ' 
are the corresponding results from the many­region calculations (5 in the 
case of the substitution 9). On the basis of the two series of ΔΗ so obtained, 
two BERTHE calculations have been performed : the results showed a dif­
ference of only 0.004 nr 2 in ΔΒ2. 
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In the calculat ion the s o u r c e s have been a s s u m e d to be l i n e a r . In fact 
in the p r ac t i ca l c a se h e r e cons ide red the fuel e l emen t s have a d i a m e t e r of 
about 7 .0 cm. If the dis tance between two rods rj in the A a / a calculat ion 
is considered to be the dis tance between the boundaries of two fuel channels, 
the resonance absorpt ion effect i n c r e a s e s fairly sens ib ly . A second ca lcu­
lat ion based on th i s hypothes i s h a s been done and the r e s u l t s a r e given in 
Table VII. The co r re spond ing Δ Β 2 va r ia t ion i s 0. 024 mr 2 . T h e r e f o r e it 
TABLE VII 
RESULTS OF A SECOND CALCULATION 
No. of substitutions 
5 
9 
13 
21 
25 
ΔΗ 
(cm) 
2.02 
4.66 
6.06 
10.35 
13.33 
ΔΗ* 
(cm) 
2.23 
4.71 
6.06 
10.69 
13.46 
ΛΗ-ΔΗ' 
-0.21 
-υ.05 
0.0 
-0.34 
-0.13 
s e e m s that , at l e a s t for the ECO pi le conf igura t ions , th i s effect does not 
b e c o m e too i m p o r t a n t , a l so for the m o s t u n d e r - m o d e r a t e d l a t t i c e s . 
Two m a i n t h e r m a l abso rp t i on effects can be env i saged : (a) a spa t i a l 
effect and (b) a s p e c t r u m effect. 
Point (a) may be considered analogous to the resonance absorption effect 
and t r e a t e d s i m i l a r l y . Specif ical ly the neu t ron flux d i s t r ibu t ion a c r o s s 
the cell i s supposed to be the same a s for an infinite la t t ice ; nea r the boun­
dary between the two-co re zones this condition is not verif ied. The c o r r e ­
sponding effect on the c r i t i ca l i ty can be eas i ly evaluated by compar ing the 
r e s u l t s of a homogenized two-region calculat ion (as in BERTHE) with a 
he t e rogeneous ca lcula t ion (of the F e i n b e r g - G a l a n i n type) w h e r e the diffi­
cul t ies connected with the superposit ion of the microscopic and macroscopic 
flux distr ibution a r e automatical ly by-passed . 
This effect has a l r eady been studied in Saclay and it has been found to 
be fairly smal l for some of the heavy-water l a t t i ces tes ted in Aquilon II [9]. 
Similar calculat ions to check the validity of this hypothesis for ECO exper i ­
ments a re now in p r o g r e s s at EURATOM. 
Point (b) is connected with the fact that in the boundary region the t h e r ­
mal spec t rum will be in te rmedia te between those which would correspond to 
the two infinite la t t i ces of the tes t and re ference region. 
This effect could be sensible if the uranium sect ions per cell of the test 
and r e f e r ence reg ions (i. e. the modera t ing r a t i o s , because the pitch is the 
s a m e in all the pile) a r e sens ib ly dif ferent . To check t h i s point we p r o ­
ceeded in the following manner . It was assumed that in the boundary region 
(constituted by two r ings of test and reference rods respectively) the thermal 
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s p e c t r u m a v e r a g e d c r o s s - s e c t i o n s of the fuel w e r e the h a l f - s u m s of the 
va lues c o r r e s p o n d i n g to the two infinite l a t t i c e s . 
On the bas is of this data a four - reg ion-core WANDA calculation has been 
compared with a no rma l two-region calculat ion. The r e s u l t s a r e indicated 
in Table VIII. 
TABLE VIII 
COMPARISON OF A FOUR-REGION CORE WANDA CALCULATION 
WITH A NORMAL TWO-REGION CALCULATION 
No. of substituted rods 
9 
25 
ΔΗ 
(cm) 
2.65 
7.32 
ΔΗ* 
(cm) 
2.62 
7.19 
Δ Η - Δ Η ' 
0.03 
0.13 
To calculate the spec t rum-ave raged c r o s s - s e c t i o n s the F r e n c h method 
[10] has been used . The two la t t i ces were consti tuted of single rods of 2. 5 
and 1.75 cm r a d i u s d i rec t ly i m m e r s e d in heavy wa te r . The Horowitz and 
Tretiakoff p a r a m e t e r s for the two l a t t i ce s were : 
Modera to r t e m p e r a t u r e : Tm = 293°K, 
E p i t h e r m a l factor : r = 0. 0046 and 0.010 and 
Heterogenei ty factor : ζ = 1 . 5 and 2 .0 . 
As can be seen, the modera t ing conditions of the two l a t t i ces a r e very 
different. The ΔΒ 2 var ia t ion caused by the spec t rum effects is 0. 029 m"2 ; 
by taking into account that th is i s a r a t h e r e x t r e m e c a s e , we can conclude 
that for na tu r a l u r a n i u m l a t t i c e s the effect on s p e c t r u m of l a t t i ce h e t e r o ­
gene i t i e s is gene ra l l y r a t h e r s m a l l . This probably would not be t r u e for 
fuels containing plutonium where the condition of a s imi lar epithermal factor 
in tes t and re ference region is more stringent [11]. 
5. CONCLUSIONS 
The p r e c e d i n g t h e o r e t i c a l a n a l y s i s g ives s o m e confidence in the u s e 
of the BERTHE method to i n t e r p r e t the p r o g r e s s i v e subst i tut ion m e a s u r e ­
ments in the ECO r e a c t o r . In pa r t i cu la r the hypothesis of cyl indrical shape 
for the tes t region s e e m s to be fair ly justified. In these conditions the ex­
tens ion of the subst i tut ion conf igurat ions to l e s s s y m m e t r i c a l c a s e s could 
be envisaged. Some caution must however be exercised as far as the moder­
ating condit ions for r e f e r ence and tes t l a t t i ce a r e concerned . If such con­
di t ions a r e sens ib ly different f rom one ano the r the h e t e r o g e n e i t y effects 
cannot be d i s r ega rded . In pa r t i cu l a r , the 5-rod substitution could be diffi­
cult to in t e rp re t . 
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APPENDIX 
I. SURVEY OF THE REFLECTOR CALCULATION WITHOUT THIN LAYER 
1.1 In the case of a two­region bare reactor the critical equation for the core can be written as follows [12] : 
U + VS = 1, 
with 
aJk.) (iLJüSZi V M j R e U ­Μ,ΛΙ, , μ Λ 
v_/Ki)­(t | / t4)i;2AKi ~VK­(t/ t teA­K ι vR 
Jo­μ»A'M 
V W U R ι» ­μ, M , μ R 
S=ŒLZ T 2 ) ( 5 1 ­ 52) 
where: J0. Ji. Υχ. K0, K.: Bessel functions 
μ?, : positive radial buckling of the reference lattice 
­1/2 : negative radial buckling of the reference lattice 
μ 2 : positive radial buckling of the test lattice 
­ι/2 : negative radial buckling of the test lattice 
- i -
μ,κ„ 
1 v. 
t , L, L, t : terms including the ratios between the diffusion coefficients of the test and reference lattices 
RQ: central test zone radius 
R e : core extrapolated radius. 
% , T t : Coupling coefficients between fast and thermal fluxes in the homogenized test zone. 
Sz, T2: Coupling coefficients between fast and thermal fluxes in the homogenized reference zone. 
The fast and thermal fluxes in the reference zone are linear combinations of the functions Ιη(μ?Γ) + €Υη(^2Γ) 
and l^v2t) + €%K0(v2t) where e and e' are constant numbers. The critical condition leads to the value 
­α0/γο)„ for e. 
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1.2. In the case of a reactor with lateral reflector the expressions U and V are unchanged except that the 
value given to e by the critical condition is no longer " ( J 0 / Y „ ) M R_ · 
We just outline here the calculations, first established by JONSSON in a private communication [12] . 
The boundary conditions at the interface between core and reflector can be written, if we suppose the same 
fast and thermal diffusion coefficient in the reference zone and the reflector. 
For the fluxes 
0, r 2 t 
Ri 
*3rï 
with 
1 m , \ /X,\ X 
.. , = a . S m T Y ' M ' | I , 
2 t / \ 2 2 2 / \ 2 / R , \ 2 / R , 
Κ ι 
M ll u 
so that 
For the currents 
v^-JWOv 
X ^ 1 =Ml M , X 
J ! 
Y 3 / R 
X : 1 M? M J X 3 . O 
Y7 Y* 
2/R, \ 3/R, 
where the subscripts mean: r: fast group; t: thermal group; 2: reference zone; 3 reflector (1 would be the 
test zone); Ri indicates that the functions are calculated at the interface between core and reflector, the 
radius of which is Kl. 
and where: 
Y 2 = l ( " 2 r ) + € W 
Y3 ■ Zo("3r) 
R2: outer reflector radius, including the extrapolation distance. 
^2' ^2 ' ^3 : coupling coefficients between fast and thermal fluxes. 
Equations (1) and (2) can be expressed with the single condition: 
/ Χ 3 + λΧ·3\ 
= M"1 M I (where λ is an arbitrary parameter) 
Y, + λΥ„· 2 ' R , * 3 3 ' Rj 
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which leads to the two equations 
(X2 + KX'2) + m 2 ( Y + Κ Υ · ) = 0 (3) 
κ 1 Kj 
and 
(Χ2 + ηΧ·2) + m 2 | 2 - ( Y 2 + ξ Υ 2 ) =0 (4) 
κ, b, κ . 
(J0K) + e(Y„K) + η , ί Ι ,Κ) + m2£'(K0K) = 0 (3*) 
and 
( J T ) ) + eíYnJ + m, | ^ ( I 0 « + m , ­ * e'(K„£) = 0, (4') 
ù 2 ù 2 
where K is such that X3 + KXj = 0 : λ = Κ = ­(Z„/Z'0) R 
IC is such that Y3 +K'Y'3 = 0 : λ = K'= -(ZjZ\)v R 
and: 
η = Κ · + ( Κ ­ Κ · ) ­ ^ , ξ = Κ · + ( Κ ­ Κ · ) | τ 
S2 T 2 
(J0K) =J0(M2R1)­M2KJ1(M2R]), (Y0K) =Y0íi2R1) ­MjKY^M^) , (5) 
etc. 
Eliminating m2 between (3') and (4') and noting that £ ' ( K 0 K ) R « ( I 0 K ) R and that e '(K(,ê)R1«(I(|ÖR1 one 
finds the new value of e : 
J ° - μ 2 Λ ι ) ι ■ (6) γ ο ­ μ 2 ν . /MR, 
vhere At means the expression A, ­ — -f r"­ I · Equations (3) and (4) give for this expression the 
value "2 \'1 " Μ / μ ^ : 
= η(ΙρΚ) ­(T2 /S2)K(I0g) 
1 (I0K)­(T2 /S2)(I„g) 
Substituting the value of e in (6) for ­(1,/Υ0)μ R in 1.1, one obtains the expression for U and V in the case 
of a reactor with lateral reflector. 
II. DIFFUSION­COEFFICIENTS CORRECTION AND THIN LAYER FORMALISM 
These extensions will lead to a more general formulation of Al and, once more, to a new value of e 
to be substituted in the former expressions of U and V. 
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2 . 1 . The boundary conditions, in the case where there is a thin weak absorber layer between reference zone 
and reflector, and when one takes into account the difference between the diffusion coefficients of these two 
zones, can be expressed in the following way: 
The neutronic currents at (Rj . ) and (Rj+) , (R j . ) and (R 1+) being respectively the inner and outer 
radii of the thin layer located at the radius Rl (R,_ = R,­(d/2); R1+ = R,+ (d/2); d : thin layer thickness), can be 
written to a very good approximation 
i(+R1+) = Vl­) e" q° ' i (+R 1 ­ ) ( 1 ­ q ) ( 8 > 
j = j e_C1 * i (1 ­q) (9) 
(Ri­ ) (Ri+) ( R i + r ' ' K } 
where q = £ad ( £ a absorption cross­section of the thin layer material; j + : outward current; and j " : inward 
current). 
Let us consider now, in diffusion theory, the expressions of the currents at the boundaries (Ri ­ ) and 
(Rl+) °f t n e two­region reference lattice (region 2) and reflector (region 3 ) . 
.+ _ tf>3 D3 d 03 .+ _ 02_ J¿¿ d 02 
J (R 1 + )~ 4 " 2 dr V i ­ ) " 4 " 2 dr 
ø3 : flux in reflector at (R j + ) D3: reflector diffusion coefficient 
φ2 : flux in reference region at (Rj . ) Dz : reference region diffusion coefficient 
and similar expressions for j (Ri + ) and j (R j_ ) . 
Considering these current expressions and the absorption law, (8) and (9), and neglecting the thickness 
of the layer, i . e . supposing that the changes in current and flux produced by the layer take place discon­
tinuously at the boundary Rv one finds the following boundary conditions at R1: 
03= 02+ 2qD 2 0 t z (10) 
2 .2 . In our case, with two groups of neutrons and matrix formalism the boundary conditions can be written 
(10·) 
' 0 , v 3 r \ 
\'"l„ \ 
(11·) 
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where qr = Ea[tl (fast group) 
q = Ea d (thermal group) 
, "2r\ ƒ "2 
Remembering (cf. 1.2) that I = M2I 
1 0 2 t / \ 2 A-< 
and the same relationships for the flux derivatives, we can again condense (10*) and (11*) into a single equation 
X3 +XX 
^■-•'R, \^k +r>-™rV>IR¡ M2 ,2qDJ+X M 2 - ! Ri 
where: 
' '■ 2D. 
2D3r 
It 
■:DO 
(M , 2qD) = M? 
2qrD;r 0 
0 2q tD2 t l 
D2 
D2t 
D3t 
Setting qr = q t = 0 leads to the simple diffusion coefficient correction, while setting qr = q t = 0 and D2 = D3 
leads to the formalism used in 1.2. 
One finds again two expressions similar to (3) and (4) : 
î s Î , l 1 + K è ) + x ' 2 R I ( K ^ + 2 q r D 2 r , , , " : 2D„ RA D, (12) 
ι+κ·—­+(Κ­Κ·) 2D. 3t 
S3 qr 
S2 2D3r 
■XL .
 D2t S3 D2r 
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♦m»ihV .
 q t . S 3 q r 1+K' + ( K ­ K * ) — ­ — 2D 3 t ' T 2 2D3r + Y," 2R, 
. D2t . Sa D2r 
Κ ' — + ( Κ ­ Κ · ) ­ Γ — + 2q t D 2 t u 3t **■ u3r (13) 
III IV 
(12) and (13) can be written like (3') and (4') : 
[ JK] + e[Y0K] + m 2[I 0K]+ m 2 e ' [K 0 K] = 0 (12·) 
[JolJ + £ t Y o l J + m 2 · ^ UoE] + m 2 ­ ^ c " [ K 0 i ] = 0, (13·) 
where ι 
^'■'wil^i; -4^"+2qtD2r)w,> 
[ W = v > 1 + K ^ +HK^+2qrD2r v . ) 
and similar expressions for [YQK] and [K„K] 
and where 
^ = W.)m'",[nlW1) 
[ I o 6 ] = \ , 2 R 1 ) [ I I I ] + ^ [ I V ] I ^ R I ) 
and similar expressions for [Υ0η] and [Κ 0 ξ] 
Again, eliminating m2 between (12') and (13') we find the same formalism for the expression of e: 
[ Jo ­ μ 2 Α ι · > ι 
\Υο-μ2 ^ Y, μ2 κ ι 
as given by (6) but Αι is now given by: 
s2 
[ l + ( n q ) ] [ I 0 K ] ­ j ¿ [ l + ( K q ) ] [ I 0 6 ] 
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where 
"*=[II] = K ' 5 Í + ( K - K , ) f ; r í + 2 q t D 2t 
D2r 
(KD) = K — + 2 q r D 2 r 
D3r 
i+(»q)= [ΐ] = ι + κ · — — + (κ -κ · ) -3 ·—— 
l + (Kq) = 1+K-, 
It is therefore easy to see that the successive extensions of the method to include the eventualities of lateral 
reflector, non-equal diffusion coefficients in reflector and reference region, and a thin weak absorber layer 
between core and reflector affect only the term e in the expressions U and V which can be written under the 
general form 
Yo -μ2ΛΥι 
I» " M J . 
M2Ro 
Ko - ( t i / t 4 ) l / ; A K | 
K0 - ( t j / t j J i / j A ' K ! v.R. 
Jo -μ2 A'Ji 
Jo -M2 Λ Ji 
M,R„ 
Yo -Μ2ΑΎ1 
Jo - μ2Λ Ji 
M2Ro 
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D I S C U S S I O N 
R. PERSSON: The e r r o r s caused by the cylindrical­shape approxi­
mation and by heterogeneity are no doubt related to the perturbance of the 
reactor during the measurement. If that is so, the er ror of the buckling in 
the test region is larger. 
G. CASINI: To pass from the Ak/k values to ΔΒ2 variation, one must 
first establish the ΔΗ variation and then calculate the ΔΒ2 variation on the 
basis of the data of Table II of the paper (1 mm corresponds to about 
0.015 m­2 in ΔΒ2). 
U. FARINELLI (Chairman): I might perhaps comment that we did simi­
lar calculations in connection with substitution experiments in the ROSPO 
reactor and got very similar resul ts . 
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